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The bending of a strip on a heated half-space is considered on the assumption that 
the strip deforms in response to the temperature distribution and the force of a 
distributed load. 

We consider the planar problem of strip bending (Fig. I) on an elastic half-space in 
which the temperature distribution is defined by 

( ' ~ (x, ~, z) ~ ~ (x, z) = T% arctg a (I - -  x) @ arctg a (1 + x) / , (1) 
z z / 

and t h e  u p p e r  p l a n e  o f  t h e  s t r i p  i s  s u b j e c t  t o  an e x t e r n a l  l o a d  q ( x ,  y)  = q (x )  and a t e m p e r a -  
t u r e  T(x, y) = TI = const; to determine the buckling we find the displacement u~. We use 
Hooke's law incorporating the temperature: 

(2) 

We substitute these expressions into the Cauchy equilibrium equations to get 

(~i + ~q) 0,~ @ vIAu~ -- ~ (3Xt + 2~h) T~ = 0. (3) 

The following is [i] a particular solution: 

where @ is the thermoelastic potential and is the solution to 

(4) 

3~  ~- 2V~ 
AS --  ~ T .  (5) 

~ @ 2Vl 

We assume that the function T is linear in z and that the loads applied to the bounding 
planes are constant: q(x) = q and p(x) = p. Then the following is the particular solution 
to (5): 

3L~ @ 2VI / Az 2 Bz 3 

? - -  %t-~- 2~i ~ f ) 6 (6) 

From (6) and (2) we have the following value for ~33: 

(7)  

We satisfy the boundary conditions at the upper and lower planes of the strip to get expres- 
sions for A and B: 

A = T~ + T~ 1 (q + p), 
2 2~1 (3~f -k 2~) 

B - -  T ~ - - T i  1 (p__q). 
2h 2 h ~  (3~t + 2VO 

(8) 
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Fig. 1 Fig. 2 

Fig. i. Problem geometry. 

Fig. 2. Distribution of the reactive pressure under a heated 
beam loaded by a uniformly distributed load: i, 2) reactive 
pressure without and with allowance for the buckling, corre- 
spondingly: El = 2"i0 3 kg/mm=; E~ = 2"i0 2 kg/mm~; q = i kg/ 

mm2; ~ = 0.2; Tz = O; T2 = IO~ al = i'I0 -5 I/deg; a2 = 

5"10 -6 i/deg. 

The approach between the bounding planes (buckling) is 

, I ~P e'b =u3(__h)__u3(h)_ h ( p + q ) _  3X~--2V~ ~jz(T~-:,~)= 
%1 + 2~1 %1 -+- 2Ml 

= (1 - -  2 h )  (1 + v:t) tz 1 - .  v~ 
(V + 9) ~+d+ (T, + T~). 

Ei(1 - -v~)  i - - v  I 

(9) 

We use the method of [2, 3] to show that (9) in the case of variables p, q, T has accuracy or- 

der 0(h4/a"). 

The temperature in the strip varies linearly, so the thermal stresses are zero [4], and 
therefore the normal deflection of the points in the median plane of the plate w(x) satisfies 

D d'~w (x) 
- q (x) - -  p (x) ( l O )  

a~ dx~ 

and the boundary conditions 

. / t  . . _ = [ , ~1  , ' t !  (x)!~_+l ~ (x)tx=+_l O. (11) 

From (i0), (ii) we get 

I 

i m, (x)- a'~ Ix--ll3[q(O--p(l)]dt+C1-~Cox. (12) 
D 

- - 1  

On t h e  o t h e r  h a n d ,  t h e  n o r m a l  d i s p l a c e m e n t  o f  p o i n t s  i n  t h e  m e d i a n  p l a n e  i s  e q u a l  t o  t h e  sum 
of the displacements of the points at the boundary of the half-space [5] and half of the buck- 
ling, so according to [5] on the basis of (I), (9) we have 

i 1 

i i' ~: (x) -< const - -  a .~a( l&, :~)  . ,  2 ( 1 - - v ~ ) a  ln (a lx - - t [ )p ( t )d t - i  ~'b I ~ l n ( a l x - - t L )  dt i ;~E~ ., - -~-- (13) 

We c o m b i n e  ( 1 2 )  and  (13)  t o  g e t  t h e  f o l l o w i n g  i n t e g r a l  e q u a t i o n  f o r  t h e  c o n t a c t  p r e s s u r e :  

I 

ep(x) + i" { i~ ln(a!x- - f i )  ,-4- 71x- - t l  ~1 P(O a't -- f(x). (14) 
--[ 

Here 
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h 4 ( 1 - - v i ) ( l  ---'v2'E i,a;, (1--vt)2a 3 
e - -  a ; [ ~ =  ( 1 - - 2 v ~ ) ( 1 2 - ' v ~ ) ~ E o o  ' Y =  (]--2vOh a 

f (x) = C: + Cox - -  sq (x) - -  

I 

E~z: (T: -i- T~) -'~ y .[ Ix -- t[ ~ q (t) dt - -  

1 - - 2 v ~  - :  

2El~zz (1 + v2) T9 
(i -- 2vl) (I q- Vi) 

{(1 -+-x) [lna(1 q - x ) -  11 q- (1 --x)  [ln a(1 --x)  --I]}. 

The arbitrary constants Co and C~ are determined from the equilibrium conditions for the 
strip: 

1 I 

1 i 

- - i '  - -1 

(15) 

(16 

The solution to (14) is found in the form 

where 

N 

p (x) = ~ &% (x), 
k ~ l  

(1.7) 

' X - -  Xk_i, 

f~%, (x) = x~+: - -  x, 

0, 

h _  

Xk-I~X~Xk~ 
Xk ~ X ~ X k + I ,  

X~X1~_t and ;~'k-~:<~X, 

2 
N - - 1  

(].8' / 

From (14)-(16) we get by the collocation method a system of linear algebraic equations for the 
coefficients d k (k = i, N) and the arbitrary constants Co and C~. An algorithm has been de- 
vised and a program has been written for the ES computer to solve this system of linear alge- 
braic equations for any number of nodes. Numerical calculations imply that allowance for the 
buckling results in 20% (and more) error for the reactive pressure at the center, and also in 
finite values for this pressure at the edges (Fig. 2). 

Tile above method can be transferred directly to other boundary-value problems for a 
strip. 

NOTATION 

r temperature field; TI, T2, temperatures of the upper and lower planes; q, external 
load; ui, displacement vector components; oij, stress tensor components; eij , deformation ten- 

sor components; ~ = e11 + e22 + e33; ~ij, Kronecker symbol; l, ~, Lam6 coefficients; ~, l~near 
expansion coefficient; p, reactive pressure; D, cylindrical rigidity; A, Laplace operator; E, 
Young's modulus; ~, Poisson's ratio; 2a, width; 2h, thickness. Elastic constants with sub- 
script 1 refer to strip, those with 2 to half-space. 
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